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1. Introduction 

1.1. — Let us recall the classification of irreducible regular prehomogeneous vec- 



tor spaces due to Sato and Kimura [|17|| . An irreducible regular prehomogeneous 



vector spaces over a field k [ITtH consists of the datum (G, X) of a connected re- 
ductive fc-algebraic group G together with a linear representation p of G on a finite 
dimensional affine space X = over k, such the action is transitive on the com- 
plement of a geometrically irreducible hypersurface / = in X, called the singular 
locus. In the theory of Sato and Kimura, a fundamental role is played by castling 
transforms, which are defined as follows. 

Let G be a connected reductive /c-algebraic group and p be a linear representation 
of G on A^. Write m = ri + r2. Then set Xi = M^n and let G x SL^^ act on Xi 

by 

Pi{9,9i)xi = p{g)xigi. 
Similarly set X2 = Mm,r2 and let G x SL^a act on X2 by 

P2{9,92)x2 = ^p{gy^X2g2. 

Assume Gj = Impj is an irreducible regular prehomogeneous vector space for j = 1,2 
with singular locus the irreducible hypersurface fj = 0. In this case one says that 
the prehomogeneous vector spaces {Gi,Xi) and {G2,X2) are related by a castling 
transformation. Furthermore, cf. |4?l|, fi and f2 are homogeneous polynomials whose 
degrees satisfy deg/j = Vjd, for some integer d. We shall say that two irreducible 
regular prehomogeneous vector spaces over k are equivalent if, up to isomorphism, 
they may be included in a finite chain of irreducible regular prehomogeneous vector 
spaces whose consecutive terms are related by a castling transform. In each equiv- 
alence class there is a unique prehomogeneous vector space with dimX minimal. 
Such an object is called reduced in the terminology of Sato and Kimura. When k is 
algebraically closed of characteristic zero, the set of all reduced irreducible regular 
prehomogeneous vector spaces has been divided into 29 types by Sato and Kimura 
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T6| . If k is of characteristic zero and one restricts to /c-split groups, then the 



absolute classification restricts to a relative one. 

1.2. — Thus, if one wants to compute the value of some invariant for irreducible 
regular prehomogeneous vector spaces, it is enough: a) to understand the behaviour 
of the invariant under castling transformations ; b) to compute the invariant ex- 
plicitely for reduced prehomogeneous vector spaces. For instance, when = C, if 
one denotes by bj the 6- function of fj, we have the following relation due to Shintani 

[d. my- 

(1.2.1) M.)n n ^) =".(•') n n(^+^ 

l<i<riO<j<d l<i<r2 0<j<d 

and the 6-functions of all 29 types, except for one, have been tabulated by Kimura 
in ||1C1|| . When k is a p-adic field and Zj denotes Igusa's local zeta function attached 
to fj, then Igusa proved in the relation 

Us) n (r^^ls^) = n (t^^ 

where q denote the cardinality of the residue field and the coefficients of each poly- 
nomial fj are assumed to belong to the valuation ring but not all to the valuation 
ideal ; furthermore, Igusa was able to compute Z{s) for 24 out of the 29 types, see 

1,1- 

1.3. — Another important invariant of singularities of functions is the Hodge 



spectrum ||19|| , [po|| , ||21|| and a natural question is to understand its behaviour 
under castling transformations. It is not clear to us how to answer this question 
using classical techniques, and the aim of the present paper is to explain how this 
can be achieved using motivic integration. In fact, replacing p-adic integration with 
integration on arc spaces, Denef and Loeser defined in |[l|, pf, a motivic zeta 
function Zf for a function / which is a geometric analogue of Igusa's local zeta 
function. The motivic zeta function Zf contains a great amount of information on 
/. In particular one can read off the whole Hodge spectrum of / from Zf. The main 



result of the present paper is Theorem [4.2| where a relation completely analogous to 



( |1.2.2|) is proved for motivic zeta functions. We then deduce the behaviour of the 
Hodge spectrum under castling transformations in Corollary |6]^. To prove Theorem 
|4^ , it would be natural to imitate Igusa's proof in the p-adic case as much as 
possible. In fact, we were not able to follow Igusa's proof to closely, since in that 
proof crucial use is made of properties of the Haar measure on a locally compact 
p-adic group, especially of its uniqueness, for which no analogue is available yet on 
the motivic integration side, though highly desirable. Hence we are led to follow 
a more down to earth approach, relying on some direct computations in spaces of 
matrices, as in Lemma |5.5| . 

Finally, in section |^ we generalize our results to prehomogeneous vector spaces which 
are no longer assumed to be irreducible and regular. 
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2. Notations and conventions 

2.1. Grothendieck groups of varieties. — We fix a field k. By a variety over 
k we shall mean a separated and reduced scheme of finite type over k. Let S be 
an algebraic variety over k. By an jS"- variety we mean a variety X together with a 
morphism X ^ S. The S'-varieties form a category denoted by Varg, the arrows 
being the morphisms that commute with the morphisms to S. 

We denote by KqIVslTs) the Grothendieck group of 5"- varieties. It is an abelian 
group generated by symbols [X] , for X an 5"- variety, with the relations [X] = [Y] if 
X and Y are isomorphic in Var^, and [X] = [Y] + [X \Y] if F is Zariski closed in 
X. There is a natural ring structure on KoCVais), the product of [X] and [Y] being 
equal to [X x 5 F] . Sometimes we will also write [X/ S\ instead of [X] , to emphasize 
the role of S. We write L to denote the class of x 5" in Ko(Vsirs), where the 
morphism from x 5" to 5" is the natural projection. We denote by M.s the ring 
obtained from i^'o(Var5) by inverting L. When A is a constructible subset of some 
5- variety, we define [A/S] in the obvious way, writing A as a disjoint union of a 
finite number of locally closed subvarieties Ai. Indeed [A/S] := ^JAZ-S"] does not 
depend on the choice of the subvarieties A^. 

When S consists of only one geometric point, i.e. S = Spec(A;), then we will write 
KQ{Yaxk) instead of KQ{Yaxs) and Mk instead of A^^. 

2.2. Equivariant Grothendieck groups. — We need some technical prepara- 
tion in order to take care of the monodromy actions in the next section. 

For any positive integer n, let /i„ be the group of all n-th roots of unity (in some 
fixed algebraic closure of k). Note that /i„'s is actually an algebraic variety over k, 
namely Spec{k[x]/ {x"' — 1)). The i^n form a projective system, with respect to the 
maps /ind — > /^n : 3; I— > x'^. We denote by ft the projective limit of the Note that 
the group /t is not an algebraic variety, but a pro-variety. 

Let X be an 5"- variety. A good //^-action on X is a group action ^„ x X — >^ X which 
is a morphism of 5*- varieties, such that each orbit is contained in an affine subvariety 
of X. This last condition is automatically satisfied when X is a quasi projective 
variety. A good /i-action on X is an action of /i on X which factors through a good 
//n-action, for some n. 

The monodromic Grothendieck group KQiVais) is defined as the abelian group 
generated by symbols [X,fi] (also denoted by [X/S,fi], or simply [X]), for X an 
(S- variety with good /i-action, with the relations [X, p] — [Y, jj] if X and Y are 
isomorphic as S'-varieties with fi -action, and [X, p] = [Y, /t] -|- [X \ Y, jj] if Y is 
Zariski closed in X with the /t-action on Y induced by the one on X, and moreover 
[X X V, fi] = [X X A^, p] where V is the n-dimensional affine space over k with any 
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linear /t-action, and is taken with the trivial /t-action. There is a natural ring 
structure on (Vars), the product being induced by the fiber product over S. We 
write L to denote the class in T^'q (Var^) of x S with the trivial /t-action. 
We denote by Aig the ring obtained from (Vaig) by inverting L. When A is a 
constructible subset of X which is stable under the /i-action, then we define [A, fi] 
in the obvious way. When S consists of only one geometric point, i.e. S — Spec(A;), 
then we will write (Varfe) instead of (Varg). 

Note that for any s G S{k) we have natural morphisms Fiber^ : (Vars) 
KQiVaxk) and Fibers : — > A4'^ given by [X,jj] — > [X^,//], where Xs denotes the 
fiber at s of X 5*. 

We shall also consider the canonical morphism A4g — > JA'j^ which to [X/ S, p] assigns 
[X,fi]. 

2.3. The arc space of X. — For each natural number n we consider the space 
Cn{^) of arcs modulo t'^'^^ on X. This is an algebraic variety over k, whose ir- 
rational points, for any field K containing k, are the K[t\/t"''^^K[t]-rationa\ points of 
X. For example when X is an affine variety with equations fi{x) = 0, i — 1, ■ ■ ■ ,m, 
X = {xi, ■ ■ ■ , Xn), then £„(X) is given by the equations, in the variables Oq, • • • , an, 
expressing that /^(ao + a^t -|- • • • -|- a^t") = mod i = 1, - ■ ■ , m. 
Taking the projective limit of these algebraic varieties Cn{X) we obtain the arc 
space C{X) of X, which is a reduced separated scheme over k. In general, C{X) is 
not of finite type over k (i.e. C{X) is an "algebraic variety of infinite dimension"). 
The i^-rational points of C{X) are the ir[[t]]-rational points of X. These are called 
X-arcs on X. For example when X is an affine complex variety with equations 
fi{x) — 0,i — l,---m, X = (xi, • • • ,Xn), then the C-rational points oi jC{X) are 
the sequences {ao, ai, a,2j- ■ ■) G (C")^ satisfying /i(ao + cut + 0'2^^ + •••) = 0, for 
i = 1, ■ ■ ■ ,m. For any n, and for m > n, we have natural morphisms 

TTn : C{X) ^ Cn{X) and tt^: : C^X) ^ Cn{X), 

obtained by truncation. Note that Co{X) = X and that Ci{X) is the tangent bundle 
of X. For any arc j on X (i.e. a i^-arc for some field K containing k), we call t:q{j) 
the origin of the arc 7. 

3. Motivic zeta function 

3.1. — Let k he a field and let X be a smooth connected variety over k. Let 
n > 1 be an integer. The morphism f : X ^ A^ induces a morphism / : £„(X) — > 

UK)- 

Any point a of £(A^), resp. £„(A^), yields a /^-rational point, for some field K 
containing k, and hence a power series a{t) e -^[M], resp. a{t) e ir[[t]]/t""'"^. This 
yields maps 

ordt : C{Al) ^ N U {00}, ord^ : C^{Al) ^ {0, 1, ■ ■ ■ , n, 00}, 
with ordjo; the largest e such that divides a{t). 
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We set 

Xn ■■= {v? G Cn{X) I ordt/(v9) = n]. 

This is a locally closed subvariety of £„(X). Note that Xn is actually an Xo-variety, 
through the morphism tTq : Cn{X) — > X. Indeed TiQ^Xn) C Xq, since n > 1. We 
consider the morphism 

f : Xn Gm,k '■= \ {0}, 

sending a point ip in Xn to the coefficient of t" in /(v^). There is a natural action 
of Gm,k on given hj a ■ ip{t) = f{at), where ip(t) is the vector of power series 
corresponding to ip (in some local coordinate system). Since f{a-ip) = a^f{ip) it 
follows that / is a locally trivial fibration. 

We denote by X^ the fiber Note that the action of Gm,k on X^ induces a 

good action of /i„ (and hence of fi) on X^. Since / is a locally trivial fibration, the 
Xo-variety X^ and the action of /i„ on it, completely determines both the variety 
Xn and the morphism 

(/) """o ) ■ '^n Gm,k X Xq. 

Indeed it is easy to verify that Xn, as a {Gm,k x Xo)-variety, is isomorphic to X^ x^" 
Gm,k, the quotient of X^ x Gm,k under the /x„-action defined by a{ip, b) = {aip, a~^h). 
The motivic zeta function of / : X ^ A^., is the power series over A^^o defined by 

Zj{T) :=5^KVXo,/.]L— T", 

n>l 

with r the dimension of X. When k is of characteristic zero this a rational function 
ofT(cf. 1,1). 

For X a closed point of Xq, one defines similarly Xn^x and X^^^ by requiring the arcs 
to have their origin in x. 

The local motivic zeta function of / at x is the power series in M.'^ defined by 

n>l 

3.2. Lemma. — Assume X is the affine space A^, and f is a homogeneous poly- 
nomial of degree d on A^ . Then the equality 

Zf{T) = lIT~'^Zffl{T) 

holds mMi[[T]]. 

Proof. — By homogeneity, the mapping ip t-^ tip induces an isomorphism between 
Xn and TT^^f (A:'„_|_(i o) compatible with the fibrations Xn Gm,k and Xn+r,o Gm,k- 
Hence = [X^_^_^q, fL\L'~^'^~^^^ and the result follows. □ 
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4. Statement of the main result 

4.1. — Let G be a connected reductive fc-algebraic group and p be a linear rep- 
resentation of G on A™. Write m = ri + r2. Then set Xi = Mm,ri and let G x SL^j 
act on Xi by 

Pii9,9i)xi = p{g)xigi. 
Similarly set X2 = ^2 and let G x SLj.^ act on X2 by 

Assume Gj = Impj is an irreducible regular prehomogeneous vector space for j = 1, 2 
with singular locus the irreducible hypersurface fj = 0. One considers the quotient 
spaces Xi/SLr- as embedded by the Pliicker embedding 

Xi/SLr,-^V^ := a(^). 

There is a natural isomorphism Vi ~ V2 under which the quotient spaces Ai/SL^ 
and X2/SLr^ may be naturally identified. Hence we write V for both Vi and V2, and 
up to multiplying one of them by a nonzero constant factor, one may assume that 
both /i and /2 are the pullback of the same homogeneous polynomial / of degree d 
in V, cf. p!^] . In particular, degfj = Vjd, for 1 < j < 2. 

4-2. Theorem. — Let {Gi,Xi) and ((^2,^2) be irreducible regular prehomoge- 
neous vector spaces which are related by a castling transformation. Then the re- 
lations 

(4.2.1) %(T)[SL,,,] n (l-T'^L-^') = %(T)[SL,,fc] J] {I - T'L'^) 
and 



ZfUT) n (^"' - L"^) n (1 - L"^) = 

%,o(T) n (T-'^-L-^) n 



(4.2.2) 

hold m Mi[[T]l with [SL,,fc] = ]\2<^<r{^ - L"0- 



2_ 



5. Proof of Theorem 4.2 



5.1. — Fix 1 < r < m and set Z = Mm,r- The fc-group scheme GLm(/i;[[t]]) acts 
naturally on jC{Z) on the left, while the A;-group scheme SLr(A;[[t]]) acts naturally 
on C{Z) on the right. Here the group of i^-points of GLm(A;[[t]]), resp. SLr(/c[[t]]), 
is GLm(-ft'[[t]]), resp. SL,.(-ft'[[t]]), for K a field containing k. We shall consider the 
quotient space h : Z ^ Y := Z/SLj. as embedded by the Pliicker embedding 

Z/SLr --^V := a("). 

We set Z := C{Z) and y := jC(Y). We also denote by Z' the subset of Z consisting 
of matrices with a non zero minor of order r. 
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5.2. — For every sequence e := (ei, . . . , Cr) in N*", we denote by the subset of 
Z consisting of matrices of the form MA with M in GLm(i^[[t]]), and A an upper 
triangular matrix with . . . , f^^ on the diagonal and coefficients in for some 
field K containing k. The set Z' is the disjoint union of the subsets Zg, for e in N**. 

5.3. — For w m.W := Sr, the permutation group on r letters, we consider the 
set Ve,w of matrices x — (2^ij)i<i<m,i<j<r in -2' of the form 

l<k<j 

with Afcj and Oj^fc in -^[M]) ''^i a unit in -ft'fft]], and v{aij) > 1, for i < 

= 1, a"uj{k).j = for A" < j. We denote by Ve the disjoint union of the subsets 
Ve,w and we denote by We the image of Vg in 3^. Let us remark that Z^, resp. h{Z^), 
is the union of a finite numbers of GLTO(A;[[i]])-translates of Vg, resp. Wg. 

5.4. — Let us recall the notion of piecewise trivial fibration. Let X, Y and F be 
algebraic varieties over k, and let A, resp. B, be a constructible subset of X, resp. 
Y. We say that a map tt : A — > S is a piecewise trivial fibration with fiber F, if 
there exists a finite partition of B in subsets S which are locally closed in Y such 
that 7r~^(S') is locally closed in X and isomorphic, as a variety over k, to S x F, 
with 71 corresponding under the isomorphism to the projection S x F S. 

5.5. Lemma. — For n > \e\, with \e\ := X^i<j<j.ei, the canonical morphism 

'^n{Ve,w) > 7r„(>Ve) 

is a piecewise trivial fibration with fiber 

l<i<r 

with Zyj := iS^m,ky~^W\<,i<ir^k'^~^'' number of integers 1 < k < w{i) 

with k ^ w{j) for j < i. 

Proof. — Let us first consider the case where w = id. Let x be an (m, r) matrix 
in Ve,id- For r + 1 < A; < m and j < r, we shall denote by A'^'-' the determinant 
of the (r, r) submatrix of x obtained by removing the j-th line from the (r + l,r) 
submatrix of x obtained by keeping the first r lines together with the k-th line. 
We can take A*^'-', for r + 1 < A; < m and 1 < j < r, as coordinates on We- Set 
A := Y[i<i<r'^i'^^^ ■ have the relations 

A'^'^-' = a,,,_iA'=''- - ak,r-iA, 
^k,i^ J2 (-l)^-+ia,+,-,A^'^+^- + (-l)^-V^A, 

l<.j<.r—i 
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from which the result follows. For general w, the situation reduces to the former 
one, since, up to renumbering the rows, the situation is just the same except that 
some ajj's are now required to be of valuation > 1, which has the sole effect of 
replacing Z^^ by Zy^ in the statement. □ 



5.6. Lemma. — Set 3^o '■= ^(^o) O'lT-d, for k > 0, = t'^yo. 

(1) For every e in , h{Ze) = y\e\- 

(2) Assume n > k > 0. For every constructible subset A of Tin(yk), consider the 
preimage [h^'^{A)] of A iniTn{2). The relation 

[h-\A)] = [A][SL,,fc]L"("'-i)+^«™-'^)"+i) J2 n L-(™+^-^)"» 

\e\=k l<i<r 

holds in M.k- Furthermore, if A is constructible with fi-action, the same rela- 
tion still holds in 

Proof. — Follows directly from Lemma ^]5| and the relation 

5^[Zj = L'-^"i n (1-L-0 = [SL,.]. 

wGW 2<i<r 

□ 



5.7. — Let / be a homogeneous polynomial of degree d on V. We set 

yn,k ■= W e ^n{Y) I if e 7r„(3^fc) and ordt/(v?) = n}. 

As in |3]5, we define / : yn,k — ^ Gm,k, and we set y^^. := which is a variety 

with /i-action. We shall also consider the varieties Xn^k and Xj^i^ which are the 
inverse images of respectively yn,k and y^j. in 

5.8. Lemma. — The relation 

Kki = [ylk,,o]^'^'-'^'''^'^ 

holds in J^'j^. 

Proof. — By homogeneity, the mapping y ^-^ t^y induces an isomorphism between 
yn-kdfi and T^'^-k{d-i)0^n,k) Compatible with the fibrations onto G„i,k- D 

5.9. — Let us now consider the motivic zeta function oi f ok (or more precisely 
its image in A^^[[T]]), 



n>l 
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where is the disjoint union of the varieties with /i-action A'^^, k in N. Remark 
that for kd > n, Xn^k and yn,k are empty, hence for fixed n only a finite number of 
the ^^fc's are non empty. We shall also consider the power series 



n>l 



and 



n>l 



5.10. Proposition. — The relations 

(5.10.1) ZjohiT) =11(1- L-("^+i-^)T'^)-^ZJ,,(T) 



l<i<r 



and 

(5.10.2) ZfohiT) = [SL,,k] n (1 - L-(™+i-*)r'^)^izJ(r) 

hold inMi[[T]]. 



l<i<r 



Proof. — Since, as follows from Lemma |5.6| , 

Z%,{T) = [SU,k]Z%T), 
it is enough to prove ( |5.10.2| ). By Lemma [5?^ , we have 

rvl It — radimZ [qt ir"\7l IT —ndimYj fedimy \ ^ T T t —('m+l—i)ei 

K,fcJL = [bL^,fcJ[3^„_JL L 2^ [[ ^ 

\e\=k l<i<r 

It follows from Lemma ^]8| that we may rewrite the last equality as 

\e\=k l<i<r 

and we get the result by summing up the series. 



□ 



5.11. — Now we can conclude the proof of Theorem |4^. Relation ( [4.2.1|) follows 
from writing (p.l0.2| ) for both Xi and X2, and ( |4.2.2| ) follows from ( ^.2.1| ) together 
with Lemma 3-21. □ 
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6. Applications to the Milnor fibre and the Hodge spectrum 



6.1. Monodromy. — In this subsection |0| we assume that k = C. Let x be 
a point of Xq = /^^(O). We fix a smootii metric on X. We set X^^^ := B{x,e) fl 
f^^{D^), with B{x,e) the open ball of radius e centered at x and := \ {0}, 
with Dn the open disk of radius r] centered at 0. For < r/ -C e -C 1, the restriction 
of / to X^^^ is a locally trivial fibration, called the Milnor fibration, onto with 
fiber Fj., the Milnor fiber at x. The action of a characteristic homeomorphism of 
this fibration on cohomology gives rise to the monodromy operator 

M^:H-{F^M)^H-{F,,Q)- 

6.2. The motivic Milnor fibre. — It is a remarkable fact, proved in and ||3|, 
that expanding the rational function Zf(T) as a power series in and taking minus 
its constant term, yields a well defined element Sf = — lim^^oo Zf(T) of -Mxq- This 
follows from a formula for the motivic zeta function in terms of embedded resolutions 
of Xq which we now recall. 

Let (y, h) be a resolution of /. By this, we mean that F is a nonsingular and 
irreducible algebraic variety over k,h : Y ^ X is a proper morphism, that the 
restriction h : Y\ h~^{Xo) — >^ X \ Xq is an isomorphism, and that h~^{Xo) has only 
normal crossings as a subvariety of Y. 

We denote by Ei,i e J, the irreducible components (over k) of h'^^Xo). For each 
i E J, denote by iVj the multiplicity of Ei in the divisor oi f o h on F, and by 
z/j — 1 the multiplicity of E^ in the divisor of h*dx, where dx is a local non vanishing 
volume form at any point of h{Ei), i.e. a local generator of the sheaf of differential 
forms of maximal degree. For i E J and / C J, we consider the nonsingular varieties 
E° := Ei \ Uj^iEj, Ej = Cii^iEi, and Ej := Ej \ Uj^j\iEj. 

Let mi = gcd(Xj)jg/. We introduce an unramified Galois cover Ej of Ej, with 
Galois group /Xmj, as follows. Let U be an affine Zariski open subset of F, such that, 
on U, f o h = uv"^' , with u a unit on U and v a morphism from U to A^. Then the 
restriction of Ej above Ej fl U, denoted by Ej fl U, is defined as 

{{z,y)eAlx{E°nU)\z"^' =u-'}. 

Note that Ej can be covered by such affine open subsets U ofY. Gluing together 
the covers Ej fl U, in the obvious way, we obtain the cover Ej of Ej which has a 
natural /i^^ -action (obtained by multiplying the z-coordinate with the elements of 
/imj). This /imj -action on Ej induces an /t-action on Ej in the obvious way. 

6.3. Theorem (|§, — With the previous notations, the following relation 
holds in M''x,[[T]] : 

T 

Zf{T)= Y: (L-l)l^l-M^.7^o,A]n i_L-^.T^r 
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6.3.1. Definition ||2|, |^]). — Expanding the rational function Zf(T) as a 
power series in and taking minus its constant term, yields a well defined element 
of A^^^, namely 

Sf:=-lunZf{T):= (1 " L)'"-^[^/]. 

Moreover we set Sj^x '■= Fibera;(5/) in A^^. We also have Sj^x = — liniT-»oo Zf^x(T). 

There is strong evidence that Sj^x is the correct virtual motivic incarnation of the 
Milnor fiber Fx of / at x (which is in itself not at all motivic) . 
In the present setting we deduce from Theorem ^]2|, the following relation between 
the virtual motivic Milnor fibres at the origin of two irreducible regular prehomoge- 
neous vector spaces which are related by a castling transformation. 

6.4- Theorem. — Assume k is a field of characteristic zero. Let {Gi,Xi) and 
{G2, X2) be irreducible regular prehomogeneous vector spaces which are related by a 
castling transformation. Then the relation 

(6.4.1) 5;„o(T) n (1 - L^) = Sf,,oiT) n (1 - L^) 

l<jr<r2 

holds in Ai'j^. 



Proof. — Follows directly from (^1.2.2|) . □ 



6.5. Hodge structures. — From now on in the remaining of this section |, we 
shall assume k = C. A Hodge structure is a finite dimensional Q- vector space 
H together with a bigrading if ® C = ©p,gez-f^^''^, such that H'^'P is the complex 
conjugate of H^''^ and each weight m summand, ®p+q=mH^''^ , is defined over Q. The 
Hodge structures, with the evident notion of morphism, form an abelian category HS 
with tensor product. The elements of the Grothendieck group iro(HS) of this abelian 
category are representable as a formal difference of Hodge structures [H] — [H'] , and 
[H] = [H'] iff if = H'. Note that iro(HS) becomes a ring with respect to the tensor 
product. 

A mixed Hodge structure is a finite dimensional Q-vector space V with a finite in- 
creasing filtration W,V, called the weight filtration, such that the associated graded 
vector space Gt^{V) underlies a Hodge structure having Gt^{V) as weight m sum- 
mand. Note that V determines in a natural way an element [V] in iro(HS), namely 
[V] ■■=j:jGrZiV)]. 

When X is an algebraic variety over k = C, the simplicial cohomology groups 
H^{X, Q) of X, with compact support, underly a natural mixed Hodge structure, 
and the Hodge characteristic Xhi^) of X (with compact support) is defined by 
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This yields a map Xh '■ Varc -ft'o(HS) which factors through J^k, because Xhi-^i) 
is actually invertible in the ring i^olHS). When X is proper and smooth, the mixed 
Hodge structure on Hl{X, Q) is in fact a Hodge structure, the weight filtration being 
concentrated in weight i. 



6.6. The Hodge spectrum. — The cohomology groups H\Fx, Q) of the Milnor 
fiber carry a natural mixed Hodge structure ( [|19| , [plU , ||14j| , ||15|| ), which is 
compatible with the semi-simplification of the monodromy operator M^. Hence we 
can define the Hodge characteristic Xhi^x) of by 

Xh{F.) := 5^(-ir[i/'(F.,Q)] G KoiRS). 

i 

Actually by taking into account the monodromy action we can consider Xh{Fx) as 
an element of the Grothendieck group ii'o(HS™°") of the abelian category HS™°'^ of 
Hodge structures with an endomorphism of finite order. Again _K'o(HS™°'^) is a ring 
by the tensor product. 

There is a natural linear map, called the Hodge spectrum 

hsp : iro(HS"^°") ^ Z[f/^] := U„>iZ[ti/", t"^/"], 

with hsp([i/]) := EaeQn[o,i[ ^"(Ep.gez dim(i/P''?)a)tP, for any Hodge structure H 
with an endomorphism of finite order, where H^''^ is the generalized eigenspace of 
H^'i with respect to the eigenvalue e^'^^^". 

We recall that hsp(/, x) := {—lY~^hsp{xh{Fx) — 1) is called the Hodge spectrum of 
/ at X. 

We denote by Xh the canonical ring homomorphism (called the Hodge characteristic) 

Xh-.Mi^ KoiRS^n, 

which associates to any complex algebraic variety Z, with a good /x„-action, its 
Hodge characteristic together with the endomorphism induced by Z — > Z : z i— > 



6.7. Theorem — Assume the above notation with k = C. Then we have 

the following equality in -K'o(HS™°'^) : 

Xh{Fx) = Xh{Sf,x)- 

In particular it follows that 

hsp(/,x) := {-lY-'hsp{xk{Sf,x)-l), 

thus the motivic zeta function Zf .j.{T) completely determines the Hodge spectrum 
of / at X. 

Hence we deduce from Theorem [6^ , since hsp(x/i(L)) = t, the following: 



MOTIVIC ZETA FUNCTIONS AND CASTLING TRANSFORMATIONS 



13 



6.8. Corollary. — Assume k = C. Let {Gi,Xi) and ((^2,-^2) be irreducible reg- 
ular prehomogeneous vector spaces which are related by a castling transformation. 
Then the following relation holds between the Hodge spectra of fi and f2 at 

1 + (-l)'"^i"ihsp(/i,0) _ 1 + (-l)"--^"^hsp(/2,0) ^ 

ni<,<,,(i-i^) ni<,<.,(i-^^) 



7. The general case 

7.1. — We now consider the general case of prehomogeneous vector spaces which 
are not necessarily irreducible and regular. In this setting we are given a connected 
linear algebraic group G together with a linear action p : G ^ EndX on a finite 
dimensional (linear) affine space X over k, such that the action is transitive on a 
dense open set O = X \ S". Let Sj, 1 < j < i, be the fc-irreducible components of 
the singular set S which are of codimension 1 in X and choose for every j a defining 
equation fj = of Sj . Recall that a non-zero fc-rational function on X is a fc-relative 
invariant of the G- action on X, if there exists a fc-rational character u of G such 
that 

f{p{9)x) = jy{g)f{x) 

for every g in G and x in X. The functions fj are fc-relative invariants and fur- 
thermore they are a basis of fc-relative invariants in the sense that any fc-relative 
invariant of (G, p) is of the form c/f ^ . . . f^^ with c in k^ and fij in Z. 



7.2. Motivic zeta function for several functions. - 

fc-variety of dimension d and consider i functions fj : X 

^i<j<e{fj = 0). 

For every n = {rii, . . . ,ni) in (N^)^, we set |?t,| 



Let X be a smooth 
We set Xo := 



Yli<j<i '^i ^iid define 



X e C\n\{X) 



ordtfj 



n 



11 



1<J<4- 



G^^, which makes 



Similarly as in we have a natural morphism / : Xn 
A'n a Xq X ^.-variety, for n in (N^)^. The motivic zeta function attached to 
/ = {fi, . . . , fi) is the formal series 

Zf{T):= Yl [^n/Xo X G^]L-H'^T" 

in MxoxG' • ■ ■'^i]]- When k is of characteristic zero Zf is a rational function 

of T = (Ti^. . . Te) (cf. [g, [0, m). When i = 1, the relation with the definition in 
|3TT| is the following: the zeta function we just defined is the image of the former one 
by the canonical morphism ~^ ■MxqxG,„ ^ which to the class of a Xg-variety Y 

with /t-action assigns the class of F x'^ Gm,k in M-XoxGrnk- For x a point in Xo(fc), 
one defines similarly as in the 1 = 1 case, Zj^^iT) in Mf^i ^[[^^i, . . . T(\]. 
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7.3. — As in |4T| we consider a connected linear algebraic group G over k and 



p be a representation of G in A^. Write m = ri + r2 and define Xj, Gj and p-,, 



j = 1,2 as in We assume they give rise to prehomogeneous vector spaces for 
j = 1,2, and we say that the prehomogeneous vector spaces and ((^2,-^2) 

are related by a castling transformation. We choose a basis of fc-relative invariants 



/i = 1 < j < ^1 and /2 = if 1,2), 1 < J < 4, respectively. As in |?T 



we 



consider the quotient spaces Xj/SL,.. as embedded by the Pliicker embedding the 
same affine space V, and up to renumbering the /i,i's and multiplying them by non- 
zero constants, one may assume that both the /i,i's and the /2,j's are the pullback of 
the same homogeneous polynomials /j of degree di in V, cf. |[l6| , ||5|. In particular, 
we may write ii = £2 = £■ We set d = (di) in (N^)^. 
We have the following generalization of Theorem 14 



7.4- Theorem. — Let {Gi,Xi) and (6*2, ^2) be prehomogeneous vector spaces re- 
lated by a castling transformation. Then the relations 

(7.4.1) %(T)[SL,,,] n (1-T'^L-^) = %(T)[SL,,,,] J] - T'L'^) 

l<j<ri i<j<r2 

and 

ZfUT) n (^"' - L-^) n (1 - L-^) = 

(7.4.2) 

%,o(T) n (T-' - L-^) n (1 - L-^) 



/lo/d in Mg^^^[[T]], with T = (Ti, . . . ,T,) and [SL,,^] = L^'-^ n2<i<r(l - L"')- 
Proof. — The proof is just the same as the proof of Theorem |4^ . □ 



7.5. Remark. — There is an obvious generalization of Theorem 7.4 to parabolic 



castling transforms as introduced in ||18||, cf. [0]. Details are left to the reader. 



7.6. — Similarly as for the case of one function in |6.3.1| , Guibert proves in |g| 
that, for every a in (N^)^, — lim7-_^oo ZfiT"^) is a well defined element of M.Xoxg' 
independent of a. Let us denote it by 5/ and set Sf^x '■= Fiber2.(iS/). We also have 
Sf^x = -limr-.oo ^/,x(T°), for every a in (N'')^ 

7.7. Remark. — When k = C, G. Guibert shows in how Sabbah's Alexander 
invariants of / (cf. ||13|| ) may be recovered from the motivic zeta function Zf. 

7.8. Remark. — It would be interesting to investigate what information is con- 
tained in the Hodge realization of Sf. It is quite likely that there should be some 
connections with recent work A. Libgober in |11|| . 



The following statement follows directly from Theorem 



7.4 
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7.9. Theorem. — Let and {G2,X2) be prehomogeneous vector spaces re- 

lated by a castling transformation. Then the relation 

(7.9.1) Sj,,oiT) n (1 - L^) = Shfi{T) n (1 - L^) 

l<jr<r2 

holds in Mxoxg' ^■ 
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